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potential. The explicit solution is obtained by diagonalizing the 'Biedenharn- Temple operator', T 



o . 

Abstract. 

The Biedenharn approach to the Dirac- Coulomb problem is applied to a system considered by D 'Hoker 
+^ [ and Vinet, which consists of a spin | particle in the combined field of a Dirac monopole plus a A 2 /r 2 
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1. Introduction. 

In a paper anticipating supersymmetric quantum mechanics, [1], Biedenharn proposed a new approach 
to the Dirac-Coulomb problem. He starts with the square of the Dirac equation. This equation can 
be written in a non-relativistic Coulomb form (but with a fractional angular momentum), by using the 
'Biedenharn- Temple' [1, 2] operator T. The solutions of the first-order equation can be recovered from 
\Q \ those of the second-order equation by projection. 

Recently [3], we have applied Biedenharn's method to the 'dyon' system of D'Hoker and Vinet [4]. 
Here we illustrate the Biedenharn method on yet another example (also considered by D'Hoker and Vinet 
[5]), namely that of a spin ^ particle described by the four-component Hamiltonian 



/ Hi \ 1 f , er.f A 2 , t-cr.r 



H 



where A is a real constant. 
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2. The Biedenharn- Temple operator for a monopole system. 

The Hamiltonian (1.1) can be viewed as associated to a static gauge field on R 4 , A = qA-D, A4 = X/r, 
where Ad denotes the vector potential of a Dirac monopole of unit strength. The square of the associated 



Dirac operator 



(2-1) 



Qt 

Q J \ (T.TV + i- 



<T.7T — i- 



is seen to be (1.1). Since the Dirac operator is chiral-supersymmetric in any even dimension, the partner 
hamiltonians have the same spectra. 

The conserved total angular momentum is J = L + <x/2, where L = I — qr , I — r x 7r. The eigenvalues 
of J 2 are j(j + l),j = q- 1/2, q + 1/2, . . .. Set 



(2.2) w = a:r, z = crl + l and KL = - 

Note that w 2 = 1, and that z anticommutes with w and <r.7r, 

(2.3) {z,w} = and {z,<t.tt} = 



iz 



IZ 



( 1 ) Dedicated to Prof. L. C. Biedenharn, on his 70th birthday. Festschrift in honor of L. C. Biedenharn, 
ed. B. Gruber. Plenum : New York (1994). 
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K commutes with the Dirac operator ij). Using (er.L) 2 = L 2 + icr(L x L) = L 2 — cr.L, one proves that 
/C 2 = z 2 = J 2 + 1/4 — q 2 . Thus, z (and K) have irrational eigenvalues, 



(2.4) K = ± ^(j + 1/2) 2 - <? 2 . 

Since j > q — 1/2, /C is hermitian, but for j = q — 1/2 its eigenvalue k vanishes and JC is not invcrtible. 
Using cr.7r = —iw(d r + l/r — z/r), the supercharges Q and can be written as 



(2.5) 



Q= -iw(d r + ±-fy = -i(d r + ± + f 

Q + = -w(<9 r + ±-f) = -i(d r + ± 



r I ' 



where we introduced the notations 

(2.6) x = z — Xw and y = z + Aw. 
(iw = —wy). Let us define the Biedenharn- Temple operator as 

(2.7) r = -{al+ 1 + 7 5 Aw) i.e. - (z + j 5 Xw) = - 

Since r 2 = z 2 + A 2 = J 2 + 1/4 + A 2 - g 2 , the eigenvalues of T are 

(2.8) 7 = ± v / (.?' + l/2) 2 + A 2 -g 2 , sign 7 = sign k. 
In terms of L, becomes 



Q j Q \ ,« , ^2 , r(r + i) 



zr = r ■ Qgt J=-(^ + -) 2 + 

Although T does not commute with ifi, it is conserved for the quadratic dynamics. 

3. The explicit solution. 

The operator L can be diagonalized generalizing the procedure in Ref. 6. Let us first assume that 
j > j + 1/2, and let L± := j ± 1/2 be the orbital angular momentum quantum number. Consider first the 
two-component spinors 



where the Y's are the monopole harmonics and the sign ± refers to the sign of 7. The (p's satisfy J 2 = 
j(j + 1), J 3 =fi, (p = -j, ■ ■ • , j), L 2 = L±(L± + 1). The 2-spinors 



(3.2) 



x+ =wri{ ^+ + j+ i/2+|ki y- ) 

X- =27Tt( - ,-+1/2+1* 1 ^+ + f- ) 



satisfy the important relations 

(3.3) z X ±= ±N X± and io x± = 

as well as J 2 = j(j + 1), J 3 = /j,, (fi = - j, ■■■,.]). Hence 

f <^ + = (|K|+i + i)x+-Ax-, 0-= A X + + (k|+.7 + i)x- 
\ $+ = (|/s| + j + |) x+ + A X-, *- = -A X+ + (|/s| + j + §)x- 



(3.4) 



The Biedenharn- Temple operator 
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diagonalize x and y, 

(3.5) X (j)^=T\l\<i>± and y$£ = T | 7 | 

The operator w = er.r interchanges the x and y eigenspinors, 

(3.6) 



w 0£ = $^ . 



For j = q — 1/2, no is available and is hence missing. \+ IS proportional to the lowest ip+ in 
(3.1). Thus, there are no 0_-states in the 7 5 = —1 sector and no $+ states in the 75 = 1 sector. However, 
in each 7 s sector, (3.2) yields (2q) states, namely 



(3.7) 



/ g+l/2±£ 1/2 

2g+l 9 



± 



' g+ 1/2 + U M +l/2 

2g+l q 



They are (+l)-eigenstates of w. 



The eigenfunctions of 1^ are then found as 



'±71 



u± 







for 



(3.8) 



ip± hl = u± 
*° =u°_ 






0+ 



r 7 



for 



7 5 = 1 

7 5 = -1 
5 - 1 



for j > g + 1/2 



for j 



1/2 



I7 5 = -1 



Thus, the radial functions u±(r) solve the equations 



(3.9) 



- (^ + ^ + 1^±12 - 2£ 



u± = 0. 



This is the wave equation for a free particle except for the fractional 'angular momentum' 7. Its solutions 
is hence given by the Bessel functions, 



(3.10) 



u±(r) ex r- 1 ' 2 J hlTi (V2Er). 



For A = we recover the formulae in [6]. The well-known self-adjointness problem in the j = q — 1/2 
sector shows up in that the eigenvalue 7 in Eq. (2.8) vanishes in this case. (Self-adjointness of Tf) requires 
in fact |A| > 3/2 [5]). 

Another particular value is A = ±q, when the Biedenharn- Temple operator has half-integer eigenvalues, 



(3.11) 



7 = ±(,1 + 



1, 



In this case, 7(7 + 1) is the same for — ItI as f° r \l\ ~ 1) leading to identical solutions for (3.9). Thus, 
the corresponding energy levels are two-fold degenerate. (This only happens for I7I > |7| m , n + 1 i.e. for 
3 > 9+1/2). 

This can also be understood by noting that, for A = ±q, the spin dependence drops out in one of the 
7 5 -sectors. For A = q, e.g., the Hamiltonian (1.1) reduces to 



(3.12) 



H = 



Hi 



Hn 



7T" 



2qi 



q 2 



IT 2 +1 
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i.e. Hq describes a spin particle, while Hi corresponds to a particle with anomalous gyromagnctic ratio 
4. The system admits hence an extra o(3) symmetry, generated by the spin vectors 

So = \<J Si = [/%[/ 

(3-13) 

for Ho for i?i 

where {/ = QI\fH[ and I/ -1 = W = \j\fH\ are the unitary transformations which intertwine the 
non-zero-energy parts of the chiral sectors. 

Each of the partner Hamiltonians H\ and Hq in (1.1) have a non-relativistic conformal o(2, 1) symmetry 
[7] which combines, together with ij) and — ry 5 .^, into an osp(2, 1) superalgebra [5]. Since the Hamiltonian 
(2.9) is essentially the same as for a free particle, the question arises whether the osp(2, 1) likely extends 
into the super-Schrbdinger algebra [8]. 

For further results the Reader is referred to [9]. 
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